A QUILLEN MODEL STRUCTURE APPROACH 
TO THE FINITISTIC DIMENSION CONJECTURES 



M. CORTES IZURDIAGA, S. ESTRADA, AND P. A. GUIL ASENSIO 

Abstract. We explore the interlacing between model category structures at- 
tained to classes of modules of finite A'-dimension, for certain classes of modules 
X. As an application we give a model structure approach to the Finitistic Di- 
mension Conjectures and present a new conceptual framework in which these 
conjectures can be studied. 



Let A be a finite dimensional algebra over a field k (or more generally, let A 
be an artin ring). The big finitistic dimension of A, Findim(A), is defined as the 
supremum of the projective dimensions of all modules having finite projective di- 
mension. And the little finitistic dimension of A, findim(A), is defined in a similar 
way by restricting to the subclass of all finitely generated modules of finite projec- 
tive dimension. In 1960, Bass stated the so-called Finitistic Dimension Conjectures: 
(I) Findim(A) = findim(A), and (II) findim(A) is finite. The first conjecture was 
proved to be false by Huisgen-Zimmermann in [19j . but the second one still remains 
open. It has been proved to be true, for instance, for finite-dimensional monomial 
algebras [15] , for Artin algebras with vanishing cube radical [18] , or Artin algebras 
with representation dimension bounded by 3 [21j . 

In [4] (see also [20]), Auslander proved that the finitistic dimension conjectures 
hold for Artin algebras in which the class 7-*^°° of all finitely generated modules of 
finite projective dimension is contravariantly finite (equivalently, it is a precovering 
class in the sense of [IHIIII])- In general, "p"^"" does not need to be contravariantly 
finite, even for Artin algebras satisfying the finitistic dimension conjectures. But, 
as Angeleri-Hiigel and Trlifaj have noticed in [3], it cogenerates a cotorsion pair 
(jF, C) in which the class J- is precovering in i?-Mod. By means of this idea, the 
authors are able to extend Auslander's approach to arbitrary artinian rings and 
obtain a general criterium for an artinian ring to satisfy the finitistic dimension 
conjectures in terms of Tilting Theory (see [3]). This type of arguments has also 
been recently extended to more general homologies induced by arbitrary hereditary 
cotorsion pairs (see [1]). 

On the other hand, Hovey has recently shown in |16| that there exists a quite 
strong relation between the construction of hereditary cotorsion pairs in module 
categories and the existence of model structures in the sense of Quillen in the 
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associated categories of unbounded chain complexes. Moreover, under very general 
hypotheses, the cohomology functors defined from these model structures coincide 
with the absolute cohomology functors defined from the injective model structure 
(in the sense of J6, Example 3.2])]. Recall that a model category is a category 
with three distinguished classes of morphisms (fibrations, cofibrations and weak 
equivalences) satisfying a certain number of axioms. We refer to [17^ for a complete 
definition and main properties of model categories. One of the main advantages of 
these model categories is that they allow the construction of the derived category 
of a ring R as the homotopy category induced by the model structure. This is the 
approach followed, for instance, in [8], [11], [12] and [13] in order to construct derived 
categories of Grothendieck categories in absence of enough projective objects (in 
particular, for the category of quasi-coherent sheaves over a scheme X). 

The main goal of this paper is to give a new conceptual framework in which the 
above results concerning the finitistic dimension conjectures can be obtained. This 
is done by developing Quillen model structures associated to distinguished classes 
consisting of modules of finite projective dimension. In particular, we show that, 
given any ring R, the cotorsion pair cogenerated by the class of all modules of finite 
projective dimension induces a Quillen Model Structure in the category Ch(i?) of 
all unbounded complexes of left i?-modules, in which the weak equivalences do 
coincide with the usual homology isomorphisms. In particular, by means of this 
model structure, the absolute cohomology functors Ext" (M, TV) can be recovered 
in terms of certain resolutions of M and N attained to the class of modules of 
finite projective dimension. This new approach provides a very general framework 
in which the different approaches given in [T] [S] |4l [24] find their natural setting. 
We show that, esentially, they correspond to compute the finitistic dimensions of 
the considered Artin algebra in a different (and more convenient) homologically 
equivalent model structure. We would like to stress that our approach works for any 
ring R, whereas its main interest appears in the particular case of Artin algebras. 



1. Homology relative to a hereditary cotorsion pair 

We begin by fixing some notation and terminology. Given a set X , we are going 
to denote its cardinality by \X\] and by lu, the first infinite ordinal. The cofinality of 
an ordinal number a will by denoted by cf(a). I.e., the least cardinal number which 
is cofinal in a. Recall that an ordinal number is called regular when it coincides with 
its cofinality (and therefore, it is a cardinal). The symbol \ will mean restriction. 

Along this paper, R will denote a ring with identity and all modules will be 
left i?-modules. We will denote by i?-Mod the category of all left i?-modules 
and by -R-mod the subcategory of all modules possessing a projective resolution 
consisting of finitely generated modules. Morphisms will operate on the right and 
the composition of f : A B and g : B ^ C will be denoted by fg. Fixed an 
infinite regular cardinal k, a module M is said to be < K-presented if it has a free 
presentation with less than k generators and relations. If is a nonempty class of 
modules, X^'^ will denote the class of all < K-presented modules of X. 
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Let <Y be a nonempty class of modules. We shall consider the Ext-orthogonal 
classes 

A"^ = {r e i?-Mod : Ext^(x,y) = 'ixex} 

and 

^A:" = {r G i?-Mod : Ext\r,X) = \JX e X}. 
Recall that a module M is called X -filtered if there exists, for some regular cardinal 
K, a continuous chain of submodules of M, {Ma : a < k} satisfying that the modules 
Mq and — jg-*-^ are isomorphic to modules in X, for each a < k, and M — Ua<:KMa. 
An X -precover of a module M is a morphism if : X M such that X Cz X and 
Hom(X', (p) is an epimorphism for every X' £ X. An A'-precover ip : X ^ M 
of M is called special if it is an epimorphism and Ker ip G X^ (see e.g., [141). 
A'-preenvelopes and special A'-preenvelopes are defined dually. 

A cotorsion pair in i?-Mod is a pair of classes of modules, (J-',C), such that 
J- — and C = J-^ . The cotorsion pair is said to be cogenerated by a class of 
modules X if X^ — C. When this class ^ is a set, it is known that every module 
has a special JT-precover and a special C-preenvelope (see e.g. [Ill Theorem 3.2.1]). 
In this case the cotorsion pair is called complete. 

Let {T,C) be a cotorsion pair cogenerated by a set. Then there exists an infinite 
regular cardinal k such that (^, C) is cogenerated by !F^'^. Moreover, by Kaplan- 
sky's Theorem for cotorsion pairs (see [231 Theorem 10] or [TH Theorem 4.2.11]), 
T consists of all JF< ''-filtered modules. 

A cotorsion pair {J-,C) is called hereditary if the class f is resolving. I. e., it is 
closed under kernels of surjections and contains all projective modules. 

We now recall some well-known facts of the category Ch{R) of unbounded chain 
complexes of modules. A complex of i?-modules, 

■ • • " -^n '- • ' ' , 

will be denoted by {X, d), or simply by X. And we will denote by ZnX — Ker dn, 
KnX = Coker dn, BnX = Im(i„+i and HnX — , for every integer n. Given 
other complex Y, Hom{X,Y) will denote the complex defined by 

Hom{X,Y)n ^ Y[RomRiXk,Yk+n) 

feez 

and {{f)dn)i, — fkd^^^ ~ (^l)"^fc"/fe-i fo^' n E Z. The class of all exact 
complexes will be denoted by £. 

Let us fix a cotorsion pair (^, C) in i?-Mod. We will consider the following 
subclasses of Ch(i?) (see [TSl Definition 3.3]): 

(1) The class of T-complexes, T = {X E £ : Z^X E T , Vn E Z}. 

(2) The class oi C- complexes, C ^ {X E £ : Z^X E C, Vn E Z}. 

(3) The class of dg-J- complexes, 

dgT ^{X E Ch(i?) : X^ E T Mn E "L and Hom{X, C) is exact VC E C}. 

(4) The class of dg-C complexes, 

dgC = {X E Ch{R) : X„ G C Vn £ Z and Hom{F, X) is exact VF G J"}. 
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Our next theorem shows that any hereditary cotorsion pair {T,C) in i?-Mod 
cogenerated by a set gives rise to a model structure in Ch(i?) in which the weak 
equivalences are the homology isomorphisms. This is essentially due to Hovey [161 
Theorem 2.2]. 

Theorem 1.1. Let (.F, C) he a hereditary cotorsion pair in R-Mod cogenerated by 
a set. Then there exists a cofibrantly generated model structure on Ch(i?) such that: 

(1) the weak equivalences are the homology isomorphisms; 

(2) the cofibrations (resp. trivial cofibrations) are the monomorphisms whose 
cokernels are in dgj- (resp. T); and 

(3) the fibrations (resp. trivial fibrations) are the epimorphisms whose kernels 
are in dgC (resp. C). 

Proof. We are going to apply [ini Theorem 2.2]. So we must check the following 
conditions: 

(1) The pairs (jF, dgC) and {dg J-,C) are cotorsion pairs. 
{2) dgTC^E = T &nd dgCr\S^C. 

(3) The cotorsion pairs (T^ dgC) and {dgJ-,C) are complete. 

By [131 Corollary 3.8] we have induced cotorsion pairs {T, dgC) and {dgT,C). Now 
(2) follows from [TSl Corollary 3.12]. By [12} Proposition 3.8] and [16, Corollary 
6.6] the pair {dg T , C) is complete. Finally to see that the pair (JF, dgC) is complete 
we appeal to the same proof of [11, Lemma 4.2] (notice that the arguments of the 
proof of [m Lemma 4.2] are categorical, so they can be adapted to our setting). □ 

Remark 1.2. Let us note that we cannot use 12, Theorem 4.12] to get the desired 
model structure since we are not assuming that the class J- is closed under direct 
limits. We cannot assume this closure under direct limits since this condition is 
rarely satisfied in the applications we are interested in. 

We are going to denote by Ch(i?)^c the category Ch(i?) endowed with the 
above model structure induced by the class JF. Let us recall that, if Ho(Ch(i?)) is 
the homotopy category associated to Ch(i?)^c , we can define Ext^(Af, N) as 

HomHo(Ch(ij))(5(M),^"(iV)) = Homch(fl)((5s(M),^'s"w)/ -h, 

(see [17l Theorem 1.2.10]) where Qs{M) is a cofibrant replacement of S{M) (i.e., 
the complex with M in the O'th position and elsewhere), Ps"-(n) is a fibrant 
replacement of S"{N) (the complex with N in the n'th position and elsewhere) 
and '^h denotes the chain homotopy (see jlTi). 

Given a module M, the standard way of constructing a cofibrant replacement 
Qm of S{M) (that is, a trivial fibration Qm S{M), where Qm is cofibrant) 
from a hereditary cotorsion pair {J-, C) as in Theorem 11.11 is the following: we 
choose a special jT-precover : Fq M ^ Q oi M . Then, a special J^-precover 
di : Fi — > Ker c?o — > of Ker and so on. Proceeding in this way, we get an 
exact complex • ■ • — <^ — >- Fi — <^ — *- Fq — <^ ' > M ^ 0, in which Fi £ T and 
Ker di G = C for every i G N. Then, if we denote by F, (or by {F,,d)) the 
corresponding deleted complex (which is unique up to chain homotopy equivalence), 
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we get an epimorphism in Ch(i?), d : F, ^ S{M), with Ker {d) e C (and F, G dg 
and therefore, a cofibrant replacement of S'(M). Dually, we can get a fibrant 
replacement of S{N), C, (unique up to chain homotopy equivalence), from the fact 
that every module admits a special C-preenvelope. Notice that both fibrant and 
cofibrant replacements are unique in Ho(Ch(i?)) (because they provide unique- up- 
to-homotopy resolutions and coresolutions, respectively). Then, as 

iioinch(R){Qs{M),Ps^{N))/ H-nHom{F,,C,), 

we may identify the Ext groups Ext^ (M,iV) with the homology groups of the 
complex Hom{F,, C,). Using this identification, we can easily deduce the following 
result. 

Proposition 1.3. Let {T,C) he a hereditary cotorsion pair cogenerated by a set, 
and M, N , two modules. 

(1) If M € J- and C, is a fibrant replacement of S{N), then: 

(a) Ext"(M,iV) = ff_„i/om(M,C.). 

(b) Ext"(Af,X_feC.) = Ext"+''+^(M,iV) for every k<n. 

(2) If N Cz C and F, is a cofibrant replacement of S{N), then: 

(a) ^yie{M,N) = H^nHom{F,,N). 

(b) Ext"(Zfei^.,7V) = Ext"+'=+^(M,7V) for every k>n, . 

(3) IfMeT and N eC, then Ext"(M, N) = for every n>l. 

The above results suggest the definition of some homological invariants with 
respect to the classes T and C. Let X be a complex and a,b ^ Z with a < b. We 
will say that the amplitude of X belongs to [a, b] if X„ — for every n < a and 
every n > b. 

Definition 1.4. Let {J-,C) be a hereditary cotorsion pair cogenerated by a set, and 
M, N , two modules. Then: 

(1) Given an n ^ N, we will say that the J--cofibration dimension of M is 
bounded by n if there exists a cofibrant replacement F, of S{M) in Ch(i?)^c 
with amplitude in [0, n] . We will define the T -cofibrant dimension of M , 
denoted by cofdim;r(A'f), as the minimal natural number n satisfying this 
property and oo otherwise. 

(2) Given an n £ N, we will say that the projective dimension of M relative to 
C is bounded by n i/Ext'"(M, C) = for every m > n and C G C. And 
we will define the projective dimension of AI relative to C, pdc(M), as the 
minimal n G N satisfying this property and oo otherwise. 

Analogously we may define the injective dimension of M relative to T , idj(r(Af), 
and the C-fibration dimension of M , fibdimc(Af). 

Let A be any Grothendieck category. If we consider the injective model structure 
in Ch(^) introduced by Joyal in [52] and Beke in (see also [T71 Theorem 2.3.13]), 
it is easy to check that the fibrant dimension of an object M of A is precisely 
the usual injective dimension of M (note that, in this fibrant replacement 

of M is an injective coresolution of M). Analogously, Hovey has proved in [171 
Chapter 4] that there exists a projective monoidal model structure in Ch(i?). And 
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with respect to this model structure, the cofibrant dimension of a module M is 
precisely the usual projective dimension of M . We can obtain these two model 
structures in Ch(i?) from Theorem ll.il by considering the hereditary cotorsion pairs 
{Vroj, i?-Mod) and (i?-Mod, Inj), which are obviously cogenerated by sets. We are 
going to extend in Proposition [L6] the usual properties of the classical injective and 
projective dimension to the dimensions induced from any hereditary and complete 
cotorsion pair. In order to prove it, we will need the following generalized version 
of Schanuel's lemma (see [TOl Lemma 8.6.3] for a proof): 

Lemma 1.5. Let J- be a class of modules, M a module, F, G E J- , tp : F ^ M a 

surjective J- -precover and f : G ~* M , an epimorphism. Then there exists a short 
exact sequence — > Ker f Ker ip (B G ^ F 0. 

Proposition 1.6. Let {J-,C) be an hereditary cotorsion pair cogenerated by a set, 
M , a module and n, a natural number. The following assertions are equivalent: 

(1) cofdimjr{M) < n. 

(2) pdc(A/) < n. 

(3) Each cofibrant replacement Q of S{M) satisfies that Zn-iQ G J-. 

(4) There exists a short exact sequence 

G„ Go M 

with Gi E J- for every i. 

Proof. (1) (2) follows from Proposition 11.31 (1) <^ (3) is clear since we can 
compute Ext functors by using any cofibrant replacement of S{M). (3) (4) is 
trivial. In order to finish the proof we need to show that (4) => (3). Let Q be 
a cofibrant replacement of S{M). We can assume that Q is bounded below, and 
thus it is of the form {F,,(p). We will induct on n E N. If n = 0, then M E T 
and the result is clear. Suppose now that the result is true for any module M with 
cofdim;r(M) < n and let us prove it for cofdimj;r(Af) < n + 1. Then there exists 
an exact sequence with n + 2 terms, Gn+i ' G„ — + . . . Gi — <h^^ 

Go — ''*>-^ M ^ with Gi E T for every i. Let us denote by ^/ii : Fi © Gq — > 
Ker (/3o ©Go the direct sum (/^i © 1^0, and let us note that it is a special J^-precover. 
Then, if we construct the puUback of the short exact sequence obtained in Lemma 
ll.Sl for the epimorphism c?o and the .7^-precover (/?o, we get the following commutative 
diagram with exact rows and columns: 





1 i 
Ker Lp\ >■ Ker ip\ 

\ ^ iti 

P " > Fi©Go > fo -0. 

.-Ker do — ^Ker ^o © Go — ^0 

i i 





Now note that, since T is resolving, P E T . And, as the bottom square is a 
puUback, iIiy is a special .F-precover. Therefore, Ker do has a cofibrant replacement 
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Q' given by the deleted complex of • • • ^ — F2 '^^'^1 » P — Ker do 
0. Finally, as cofdimjr(Ker do) < we get from the induction hyphotesis that 
Kn^iQ' e J-. But KnQ = Kn-iQ', and the result is proved. □ 

As a consequence of this result we get: 

Corollary 1.7. Let {J-,C) be a hereditary cotorsion pair cogenerated by a set and 
M, a module. Then cofdimjr(M) = pdc(M) and fibdimc(M) = \djr{M). 

2. Model structures from finite relative dimensional modules 

Throughout this section, we will fix a hereditary cotorsion pair {T, C) cogener- 
ated by a set. For any n e N, we will denote by Vn (resp. Vn°°) the class of all 
modules (resp. all modules in i?-mod) having projective dimension relative to C at 
most n. And by V (resp. P<°°) the class U„eN^« (^sp. U„GN^n°°)- Note that, 
by Proposition 11.61 T^n coincides with the class of all modules M having an exact 
sequence ^ — > Fj^i — > . . . ^ Fq — > M ^ with Fi e J^, for any 1 < i < j 
and any j < n. Finally, {An, Bn) (resp {A^°°,B^°°)) will denote the cotorsion pair 
cogenerated by Vn (resp. Pn°°), and {A,B) (resp. {A'^°° , B^°°)) , the cotorsion 
pair cogenerated by V (resp. V^°°). 

The following lemma generalizes [U Proposition 3] (just take C — i?-Mod). 

Lemma 2.1. The class Vn = {L : pdg(L) < n} is closed under Vn-filtrations for 
any n > 0. 

Proof. Let V be the class of all k-th cosyzygies of objects of C {k > n). Then a 
module L G if and only if Ext'"(i, C) = 0, for each C G C and each m > n. 
And this happens if and only if L g P„. By [71 Theorem 1.2] it follows that Vn is 
closed under P„-filtrations. □ 

The main goal of this section will be to show that the above cotorsion pairs 
induce model structures in Ch{R). By Theorem 11.11 we only need to prove that 
they are hereditary and cogenerated by a set. Let us note that the cotorsion pairs 
{A<°°,B<°°) and Ia<'^,B<°°) (for each n e N) are cogenerated by a set by defini- 
tion. The next result shows that the same holds for {A, B) and [AmBn) (n G N). 

Theorem 2.2. Let {J',C) be a hereditary cotorsion pair cogenerated by a set. Then 
(A, B) and {Am Bn) are also cogenerated by a set, for each n G N. 

Proof. It suffices to show that [AmBn) is cogenerated by a set for each n G N, 
since A = U„gN^„. Let us fix an n G N. Since {J-,C) is cogenerated by a set, there 
exists by |141 Lema 4.2.10] an infinite regular cardinal k such that each module in 
T is JF<''-filtered. We are going to prove that each module in Vn is T'^'^-filtered. 
Then, if 5 is a set of representatives of the isomorphism classes of modules in V^'^, 
we get from [7| Theorem 1.2] that the cotorsion pair {AmBn) is cogenerated by S. 

Let us fix an A G Vn and an exact sequence, 

(1) o^F„^i^F„_/^\..^WFo^i^A^O 

with Fi £ T, 1 < i < n. We know that each Fi is J-'^"-filtered. Let us denote by 
J-i a family of submodules of Fi given by the Hill Lemma (see [111 Theorem 4.2.6]). 
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We will follow the notation used in [TH Theorem 4.2.6]. In particular, we will refer 
to the properties satisfied by this family as properties (HI), (H2), (H3) and (H4). 

Let {xa : a < /i} be a generating set of A with xq — 0. For each a < /i, we are 
going to construct an exact sequence Sa-, 

such that Xa £ A^, df is the restriction of di, {F" : a < /i} is an jr< ''-filtration of 
Uc«^ for every i £ {0, . . . ,n}, and {A^ : a < /i} is an y^^^-filtration of A. 

We will make this construction by transfinite induction on a < /i. For a — 0, 
let us fix ^0 = 0. Assume now that < a < /i and that Sa has been already 
constructed. We are going to find, for each i G {0, . . . , n}, two chains of submodules 
of Fi, {X"^^^ : m G N} and {Y^'^^ : m G N}, satisfying the following properties: 

a) Aa U {xa+i} < {X^+^)dQ and Ff < X^+^ for each ie{0,...,n}. 

b) X^+^ < r^+i < Xl+\, for each m G N and each te{0,...,n}. 

c) Kcr (d, r^™^) < (Xti^D dt+i for each i G {0,...,n - 1} and each 
TO G N. 

d) < ^'^"t™ i G {0, . . . , n - 1} and each m G N. 

e) The quotients ^^Stt and ^•^^'i^ belong to JF<'' for each i G {0, . . . , n} 
and each m G N. 



We will proceed by induction on m G N. If m = 0, take i/a+i G Fq with 
{ya+i)do = Xa+i- Since Fq G J^o there exists, by (114), an X^^^ G J-q with 

Fq" U {va+i} < X^+^ and < k. Note that, by (H3), this module is T- 



filtered and therefore, it belongs to T by hypothesis. 



In order to construct X?'r^^ note that, as 



Coker Lemma that 



10 
Kcr do 



< K, we deduce from the Ker- 



< K. Thus, there exists a submodule K < Fi 



Kcr do \Fg^ 

with cardinality strictly smaller than n such that Ker do \ -'^'oo^^ < (F" U K)di. 



< 



Using again (H4), we may find an G Ti with F^ U K < X"^^^ and 

K. Moreover, this module is JF-filtered by (113) and therefore, it belongs to J-. 
Repeating a similar argument we may find X^q^^, . . . , X^q^ satisfying the desired 
properties. 



Now we proceed to construct the modules Y's. Let us take Y^]^^ 



X 



nO 



Using that — 



-1,0 



^ — has cardinality strictly smaller than k, it is easy to check that 
also has cardinality strictly smaller than k. So, by (114), there 



-"^-1,0 



< K. 



exists an Y,^+l„ G Tn-i with (r„V')dn + X^+l^, < Y,^+l„ and 

Note that, in addition, this quotient belongs to T since it is ^-filtered by (113). 
Repeating this procedure, we get Y^_l^2o^ ■ ■ ■ ' ^oo^^- This finishes the case to = 0. 
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Suppose now that we have constructed the chains for some m e N and take 



va+l _ ya+l c: „„ 



< K, then 



Kcr (ior^o°tVi + (yw')'^i 



< K and, by 



(H4), there exists Xf+^i £ with Ker da \ X^+\^ + Y{'+^ < X^+\^ and 



< K. Note that, in addition, this module belongs to J- since it is jF-filtered 
by (H3). Repeating this process we get ■ • • ' -^n^n+i- 

Using that < 



In order to construct the Y's, set y,"m^i 



K we conclude easily that 



ya + l 



< K and, applying (H4) again. 



there exists an £ ^„_i with (r„"+VO d„ + X^+l^^, < Y^+l^^, and 

< K. Note that, in addition, this module belongs to as it is JF-filtered. 



"^r.-l,m + l 



Proceeding in this way we construct 



Y 



Q+1 



a+1 

n — 2,m+l' ■ • • J ^0,m+l- 

a+1 



Set - U„.eN^^:;i;' = U™6N>^"™' for each z e {0, . . . ,n} and note that 

the sequence Sa+i is exact by c) and d). Since Sa is a subcomplex of Sa+i, the 
corresponding quotient complex is an exact sequence with each term, except the 
first one, in T'^'^ by d). This means that £ T^n'^- This finishes the case a+1. 



Finally, suppose that a is a limit ordinal and define Sa taking i^" — U7<q ^'i 
and Aa — U'y<Q ^i- easy to see that Sa satisfy the desired properties. 



7<Q I 

□ 



Corollary 2.3. Let [T , C) be a hereditary cotorsion pair cogenerated by a set. Then 
■An — Vn for each ?i G N. 



Proof. As the cotorsion pair (yl„,S„) is cogenerated by a set S C V^, the result 
follows from Lemma [2.11 and [TH Corollary 3.2.4] (notice that Vn is closed under 
direct summands). □ 

Let us now check that the above cotorsion pairs are hereditary. In order to prove 
it, we will need to use the following two propositions. The proof of the first one is 
straightforward. 

Proposition 2.4. Let {J-,C) be a cotorsion pair. The following assertions are 
equivalent: 

(1) The cotorsion pair is hereditary. 

(2) Every projective presentation tp : P F of any element F E J- verifies 
that Ker ip £ J- . 

(3) For every F £ T , there exists a projective presentation ip : P ^ F with 
Ker ip G J-. 

Proposition 2.5. Let X be a class of modules such that for each X £ X , there 
exits a free presentation (p : R^^^ — > X with Ker ip G X . If A is a direct summand 
of an X -filtered module, then there exists a free presentation ^ : i?'*'' ^ A in which 
Ker ip is also a direct summand of an X -filtered module. 
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Proof. Let us first assume that A is an A'-filtered module and let {Aa : a < a} 
be an A'-filtration of A. We are going to construct, by transfinite induction on a, 
commutative diagrams 

-^^^^^^Rih)^^ ^0 

1'=-" I'-- 
^ __^0,<^ R(h) .0 

in which is a set, j^a and i-^a. are the inclusions and fc-yc is a monomorphism for 
each 7 < a < C7, satisfying the following two conditions: 

(1) If a < cr is a limit ordinal, then the corresponding row is the directed 
colimit of the previous ones. 

(2) If Q = 7 + 1 is a successor ordinal, then Coker A:^,7+i € X. 

Note that the sequence constructed in step a will produce the desired presentation, 
since K„ is an .^-filtered module by construction. 

The case a = is trivial. Suppose now that a = 7+ l<c7isa successor 
ordinal and that we have constructed the corresponding commutative diagrams 
for 7. Choose a presentation : ^ with Ker f^GX and, using the 

projectivity of R^^''\ construct ha '■ i?*-^"-* Aa with haTTa = faj where tTq is 
the canonical projection. Let /„ : 05<(j i?^^^^ Aa be the map induced by 
and ha, Ka = Ker /„. Call Ka = Ker fa and let Qa ■ Ka ©5<a-^^^*' 
Qa ■ Ka R^^"^ be the inclusions. Then using the Ker-Coker Lemma, we get the 
following commutative diagram with exact rows 


-^^®s<^^^''^ ^1 -0 

Ka ^^©5<„i?(^^)— ^ A„ ^0. 

Ka - ' -R^^"^ - ■ 4^ ^0 



Set ksa = ksyk^fa, for each S < a, and note that Coker k-ya G X, since Ker G X. 

Finally, if a < cr is a limit ordinal, the directed colimit of the exact sequences 
for 7 < a gives the desired sequence. 

Therefore, the result is true for A'-filtered modules. Let us now assume that 
B is a direct summand of an A'-filtered module A. Then we have a commutative 
diagram with exact rows 

K >- A >- 

i i ip 
-K' ^R^'^ -0 
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in which K is ^-filtered and p is a sphtting epimorphism. Therefore, k is also a 
sphtting epimorphism and thus K' is a direct summand of an A:'-filtered module. 
In particular, it is also A'-filtered. □ 

We can now prove the following result. 

Theorem 2.6. Let S be a set of modules containing the regular module R and such 
that every module S & S has a free presentation (f : i?*^^-* S with Ker (f £ S. 
Then the cotorsion pair cogenerated by S is hereditary. 

Proof. Follows from [5^1 Theorem 2.2] and propositions 12.51 and 12.41 □ 

Corollary 2.7. The cotorsion pairs {A,B), {A<°°,B<°°), (^„,S„) and {A<°°,B<°"), 
for each n € N, are hereditary. 



Proof. Let n E N. By Theorem 12.21 the cotorsion pair (^„,S„) is cogenerated 
by the set {S E Pn ■ \S\ < k}, for some infinite regular cardinal k. This set 
satisfies the hypothesis of the above theorem. Analogously, for each S G 'Pn°°y '^^ 
have that |5| < \R\. So the cotorsion pair {An°°,B^°°) is cogenerated by the set 
{5 G 7^^°° : 15*1 < li?!"*"} and this set also satisfies the hypothesis of the previous 
theorem. □ 

We get now the desired model structures on Ch{R). 

Corollary 2.8. (1) The cotorsion pair {A, B) (resp. {An,Bn), for eachn eN) 
induces a model category structure on Ch(i?) in which the weak equivalences 
are the homology isomorphisms, the cofibrations are the monomorphisms 
whose cokernels are in dgA (resp. dgAn), and the fibrations are the epi- 
morphisms whose kernels are in dgB (resp. dgB„). 
(2) The cotorsion pair (^<°°,S<°°) (resp. {A<°°,B<'^), for each n e N) 
induces a model category structure on Ch(i?) in which the weak equivalences 
are the homology isomorphisms, the cofibrations are the monomorphisms 
whose cokernels are in dgA'^°° (resp. dgAn°° ), and the fibrations are the 
epimorphisms whose kernels are in dgB^°^ (resp. dgB^°°). 

Proof. Apply Theorem ll.il □ 



3. Applications to the finitistic dimension 

We finish this paper by applying our results to the calculus of the finitistic 
dimensions of rings and algebras. From now on, we will assume that J- is the 
class of all projective modules and consequently, C — i?-Mod. Therefore, V (resp. 
'P<°°) is the class of all modules (resp. all modules in i?-mod) with finite projective 
dimension. Recall that the left big finitistic dimension of R is defined as 

Findim(i?) = sup{pd{P) : P e P} 

and the left little finitistic dimension of R is 

findim(i?) = snp{pd{P) : P e P<°°}. 
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Our goal is to characterize in Theorem 13.21 when the big finitistic dimension is 
finite. In order to do it, we wiU use the foUowing result which is an immediate 
consequence of the arguments given in |9, Lemma 2.2 and Proposition 2.3]. 

Proposition 3.1. Let k be an infinite regular cardinal and M , a module such that 



both M and each left ideal of R are < K-presented. Then Ext" M, lim ^ 



lim , EYt"(/Vf Mq.) for every n G N and every directed system of morphisms 



Theorem 3.2. Let n be a natural number. The following assertions are equivalent: 

(1) Findim(i?) < n. 

(2) pd{A) < n for every A e A. 

(3) fibdimB(M) < n for every M G R-Mod. 

(4) fibdimg < n. 

Proof. 1) 2) This follows from the facts that modules in A are direct summands 
of filtered modules (see [25l Theorem 2.2]), the class P = "Pn by hypothesis, and 
Vn is closed under direct summands and P„-filtrations (see (H Proposition 3]). 

2) <^ 3) Let M be any module and take a fibrant replacement of S{M) in 
Ch(i?)^B, ^ A/ ^ Bq — Bi — ^J— . .By Proposition O we get that 

Ext\A,B^n+iB.) = Ext"+\A,M) = 0, , for every A e A (since pd{A) < n). 
This means that B^n+iB, E B and the result follows from the dual version of 
Proposition 11.61 

3) ^ 4) This is clear. 

4) 1) By Proposition [Ol Ext™ {P, R'-"^) = for every P e 7^ and every 
m > n. We deduce that Ext"' (P, P'^') ~ for each P e P, each set / and each 
m > n. Let us fix an m > n and a P G P and let us denote by k = |P|^. Note 
that, by the proof of Theorem 12.21 we can assume that P is < K-presented. 

We are going to induct on the cardinality of /. If |/| < |P|, the result is obvious. 
So assume that |/| = A > |P| and that Ext™ (P,p('^)) = for every set J of 
cardinality strictly smaller than A. Set /iq — max{K,cf(A)} and note that fiQ and 
P satisfy the hyphoteses of the above proposition. Moreover, since fiQ > cf(A), we 
can find an increasing sequence of ordinals, {aj/ : v < fj,o} C A, which is cofinal in 
A. Therefore, 



by the induction hyphotesis. 

Finally, let us choose a module P G P and let us suppose that pd(P) — ni > n. 
Let M be any module and take a free presentation ^ K ^ R^^^ ^ M ^ of M. 
Then, applying the functor Ext™(P, _) to this sequence, we get the exact sequence 
Ext™ (P, p(-f)) ^ Ext™ (P, M) Ext™+i (P, K) in which Ext™ (P, R^''^) = by 
the previous considerations, and Ext™^^(P, K) — since pd(P) = to. But, as M is 
arbitrary, this means that pd(P) < m. A contradiction that shows that pd(P) < n. 




(Ma, fafj) 





□ 
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The above theorem can be easily improved when the ring R is left perfect and 
right coherent. Recall that, in this case, any direct product of projective modules 
is projective ([SJ Theorem 3.3]). 

Corollary 3.3. Let R be a left perfect and right coherent ring, and n, a natural 
number. Then Findim(i?) < n if and only i/ cofdimg (i?) < n. 

Proof. In this case, is a direct summand of R^ for every index set /. So the 
hyphoteses of the corollary imply that Ext™ (P, i?^^^) = for every P & V, every 
set / and every m > n. Therefore, we can mimic the arguments used in the proof 
of 4) ^ 1) in the above theorem in order to prove the result. □ 

Out next result gives analogous results for the little finitistic dimension. 
Theorem 3.4. Let n be a natural number. The following assertions are equivalent: 

(1) findim(i?) < n. 

(2) pd{A) < n for every A G A<°° . 

(3) fibdims<oo(Af) < n for every M G R-Mod. 

(4) fibdim£5<oo < n. 

Proof. The proof is analogous to that of Thcorem l3.2l The only difference is that, 
in order to prove 4) => 1), we need to use that is cogenerated by 

{Ac,r<°^ ■.\A\<\R\ + }. □ 

This Theorem can be improved for left coherent rings. 

Corollary 3.5. Let R be a left coherent ring and n, a natural number. Then 
findim(_R) < n if and only i/ fibdimg<oc. (i?) < n. 

Proof. Since each module P G P<°° is finitely presented and R is left coherent, 
the functor Ext"(P, _) commutes with direct limits for each n G N. Now, the fact 
that Ext™(P, P) = for each m> n implies that Ext" (P, R^''>) = for each index 
set /. Finally, the proof of 4) => 1) in Theorem 13.21 gives the result. □ 

Corollary 3.6. Let R be a two-sided artinian ring. 

(1) The small finitistic dimension of R is finite if and only i/fibdimB<oo (P) is 
finite. Moreover, in this case, both dimensions do coincide. 

(2) The big finitistic dimension of R is finite if and only i/fibdime(P) is finite. 
Moreover, in this case, both dimensions do coincide. 

(3) findim(P) Findim(P) if and only i/fibdimg<oo(^) — fibdimB(P). 
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